Besides the classical chromatic and achromatic numbers of a graph related to minimum or minimal vertex partitions into independent sets, the b-chromatic number was introduced in 1998 thanks to an alternative definition of the minimality of such partitions. When independent sets are replaced by dominating sets, the parameters corresponding to the chromatic and achromatic numbers are the domatic and adomatic numbers d(G) and ad(G). We introduce the b-domatic number bd(G) as the counterpart of the b-chromatic number by giving an alternative definition of the maximality of a partition into dominating sets. We initiate the study of bd(G) by giving some properties and examples.
Introduction
By analogy with the chromatic number related to vertex partitions of a graph G into independent sets, Cockayne and Hedetniemi studied in 1977 vertex partitions of G into dominating sets and defined the domatic number [6] . Cockayne [4] defined the adomatic number as the counterpart of the achromatic number [11] . In his PhD thesis, Manlove introduced the b-chromatic number by considering a new kind of minimality of a chromatic partition [13, 18] . The purpose of this paper is to extend the analogy and to define the b-domatic number by considering a new kind of maximality of a domatic partition. For this, we need to recall the definition of the chromatic, achromatic and b-chromatic numbers. From now, we write a-chromatic and a-domatic rather than achromatic and adomatic to unify the notation. cardinality between χ(G) and χ a (G). However this is known to be false for the b-chromatic number. Some graphs G admit no b-minimal chromatic partition of cardinality p for some p between χ(G) and χ b (G) [13] .
Domatic Partitions
A domatic partition of a graph G is a partition of its vertex set V into dominating sets. The partition {V } of cardinality 1 is domatic and the most interesting domatic partitions are those of large cardinality. The domatic number d(G) is the maximum cardinality of a domatic partition of G [6] . We note that a partition is domatic if and only if each vertex is dominated by each class different from its own class, i.e., if and only if each vertex is colorful. This implies, by considering a vertex of degree δ, that for every graph G, d(G) ≤ δ + 1 as observed in [6] . The graphs such that d(G) = δ + 1 are called domatically full. Another immediate property of d(G) is d(G)γ(G) ≤ n since every class of a domatic partition contains at least γ(G) vertices.
As for chromatic partitions, a small domatic partition may be of interest if it is maximal in some sense. In [4] , a domatic partition P is considered to be maximal if no larger domatic partition P ′ can be obtained by splitting some class C i into two new dominating sets C ′ i and C ′′ i , in other words, if each class is an indivisible dominating set of G. We use here the term a-maximal to designate this kind of maximality. The minimum cardinality of an a-maximal domatic partition of G is called the adomatic number and is denoted by ad(G).
We now define a second kind of maximality as follows. A domatic partition P is b-maximal if no larger domatic partition P ′ can be obtained by gathering subsets of some classes of P to form a new class. More formally, P = {C 1 , C 2 , . . . , C p } is b-maximal if there do not exist p subsets C ′ i of C i (among them p−1 are possibly empty) such that the partition
The construction from P of such a larger domatic partition P ′ is called a b-operation. The minimum cardinality of a b-maximal domatic partition of G is called the b-domatic number and is denoted by bd(G). If δ = 0, then {V } is the unique domatic partition and
In what follows, we consider graphs without isolated vertices. Clearly, every maximum domatic partition is b-maximal and every b-maximal domatic partition is a-maximal. Moreover, Ore [19] observed that the vertex set of every graph without isolated vertex contains two disjoint dominating sets, which implies that ad(G) ≥ 2. Therefore every graph G with minimum degree δ ≥ 1 satisfies
In spite of the analogy shown in (1) and (2) between the sequences {χ, χ b , χ a } and {d, bd, ad}, we immediately remark a big difference: while the difference between two chromatic parameters may be arbitrarily large, it is bounded by δ −1 between two domatic ones.
A d(G)-domatic partition of a graph G is a maximum domatic partition of G, i.e., a domatic partition of cardinality d(G). Similarly, an ad(G)-domatic partition (bd(G)-domatic partition) is an a-maximal (b-maximal) domatic partition of G of cardinality ad(G) (bd(G)). In [4] , Cockayne posed the interpolation problem for the a-domatic number. This problem was positively solved by Ivancǒ [14] who proved, as a consequence of a more general result relative to cohereditary properties, that for every graph G there exist vertices partitioned into indivisible dominating sets of all orders between ad(G) and d(G). Previously, Zelinka [22] had given a negative answer based on complete bipartite graphs but there was an error in the proof (cf. Theorem 10). The same interpolation problem can be considered for the b-domatic number. By using the same notation as for the bchromatic number, we say that a graph G is b-domatically continuous if it admits b-maximal domatic partitions of any cardinality between bd(G) and d(G). 
The following example shows that the converse of Proposition 5 is not true. Let G be obtained from the complete bipartite graph K p,p , p ≥ 3, with bipartition classes A = {a 1 , a 2 , . . . , a p }, B = {b 1 , b 2 , . . . , b p } by adding the two edges a 1 a 2 and b 1 b 2 (cf. Theorem 11 with q = 2). The family
a domatic partition of cardinality 3 of K p,p can be obtained by a b-operation on P. In both cases, P is not b-maximal.
Proposition 6 below is slightly weaker than the converse of Proposition 5.
Proof. This is a consequence of Proposition 4 since V \
In [21] , Zelinka showed that for all integers a with 2 ≤ a ≤ n and a = n − 1, there exists a connected graph G of order n such that ad(G) = a. We show a similar result for bd(G).
Theorem 7. Let b, n be integers such that 2 ≤ b ≤ n. Then there exists a connected graph G of order n such that bd(G) = b.
Proof. If b = 2, any connected graph of order n and minimum degree δ = 1 suits since by (2), 2 
When the graph G has several components G 1 , . . . , G k , Chang [7] and Zelinka [21] 
Proof. Let P be a domatic partition of G. The restriction P i of P to the component G i is a domatic partition of G i of the same cardinality as P. Let P ′ be another domatic partition of G and P ′ i its restriction to G i . If for every i between 1 and k, P ′ i is obtained from P i by a b-operation in G i , then P ′ is obtained from P by a b-operation in G. This means that if P i is not b-maximal in G i for every i, then P is not b-maximal. Therefore, if P is b-maximal, in particular if P is a bd(G)-domatic partition, then there exists a component G i such that
In the other direction, suppose without loss of generality that bd(G 1 ) = min{bd(G i ) | 1 ≤ i ≤ k} and let P i be a bd(G i )-domatic partition for 1 ≤ i ≤ k. By gathering bd(G i ) − bd(G 1 ) + 1 classes of P i in a unique new class for each i ≥ 2, we can form a domatic partition P of cardinality bd(G 1 ) of G such that each class of P contains exactly one class of P 1 and at least one class of P i for 2 ≤ i ≤ k. Since the restriction P 1 of P to G 1 is b-maximal, P is b-maximal and |P| ≥ bd(G).
For the b-chromatic number, it is known that under the same hypotheses, χ b (G) ≥ max{χ b (G i ) | 1 ≤ i ≤ k} and the difference χ b (G) − max{χ b (G i )} can be arbitrarily large [15] , and that
Examples
In this section we give some examples of graphs G showing different possibilities for the values of ad(G), bd(G), d(G) between 2 and δ + 1 and for the b-domatic continuity.
By (2), every connected graph of minimum degree δ = 1, and in particular every non-trivial tree, satisfies ad(G) = bd(G) = d(G) = 2. The clique K n satisfies ad(K n ) = bd(K n ) = d(K n ) = n = δ + 1. For the cycles, it is known [6] that d(C n ) = 2 if n ≡ 0 (mod 3) and d(C n ) = 3 if n ≡ 0 (mod 3).
Theorem 9. The cycle C n satifies ad(C n ) = bd(C n ) = 2 for every n ≥ 4.
Proof. Let x 1 , x 2 , . . . , x n be the vertices of C n . The two classes C 1 = {x 1 , x 3 , . . . , x n−2 } if n is odd, C 1 = {x 1 , x 3 , x 5 , . . . , x n−1 } if n is even, and C 2 = V (C n ) \ C 1 form a domatic partition P. The class C 1 is a minimal dominating set and since n ≥ 4, each class C contains a vertex which is isolated in G[C]. By Propositions 1 and 4, P is b-maximal. Hence ad(C n ) = bd(C n ) = 2. 
Moreover, the b-domatic spectrum of K p,p ′ is {2, p}. 
When p ≥ 4, we determine the b-domatic spectrum of G. For any integer q with 2 ≤ q ≤ p − 2, the domatic partition P q = {{a 1 , b 1 , b 2 , . . . , b q }, {a 2 , a 3 , . . . , a q+1 , b q+1 }, {a q+2 , b q+2 }, {a q+3 , b q+3 }, . . . , {a p , b p , b p+1 , . . . , b p ′ }} of cardinality p− q+1 is a-maximal since every class is indivisible. Hence K p,p ′ admits an a-maximal domatic partition of any cardinality between ad(K p,p ′ ) = 2 and d(K p,p ′ ) = p, which conforms to the adomatic interpolation property. However P q is not bmaximal since {{a 1 
. . , b p ′ } is a domatic partition of cardinality p − q + 2 obtained from P by a b-operation. To determine for which values of k between 2 and p there exist b-maximal domatic partitions of cardinality k, we apply Proposition 5. The minimal dominating sets of G are A, B and all the sets {a i , b j } with 1 ≤ i ≤ p and 1 ≤ j ≤ p ′ . For 3 ≤ k ≤ p, the families of k disjoint minimal dominating sets of G are of the form {D 1 , . . . , D k } with, without loss of generality,
By Proposition 5, the b-maximal domatic partitions can only have cardinality 2 or p. Since P and P ′ are such partitions of respective cardinalities p and 2, the b-domatic spectrum of K p,p ′ is {2, p}. When p ≥ 4, the complete bipartite graph is not b-domatically continuous. The previous theorem shows that given two integers p, q with 3 ≤ q ≤ p − 1, there exist connected graphs G such that d(G) = p and bd(G) = q.
The Particular Case of Idomatic Partitions
Partitions into independent dominating sets of G are both domatic and chromatic partitions. They were first considered as particular domatic partitions under the term of indominable partitions [5] or idomatic partitions [21] and their maximum cardinality was called the idomatic number of G and denoted by id(G). Now the term idomatic is more usual (cf. for instance [20] ). In 2000, they were reintroduced in [9] and afterwards studied by different authors as particular chromatic partitions under the term of fall colorings. Their minimum and maximum cardinalities were respectively denoted by χ f (G) and ψ f (G). In the context of this paper, we keep the term idomatic which refers to both independence and domination with emphasis on domination, and we respectively denote their minimum and maximum cardinalities by min id(G) and max id(G). Graphs for which idomatic partitions exist are called idomatic graphs. As every vertex of an idomatic partition is colorful, since it is true for every domatic partition, it is clear that such a partition is a b-minimal chromatic partition. As every independent dominating set of G is a minimal dominating set, an idomatic partition is also a b-maximal domatic partition by Proposition 3. Therefore each idomatic graph satisfies, as noticed in [9] for (3),
and
A graph is chordal if each of its cycles of length at least 4 has a chord. A chordal graph is strongly chordal if every cycle C of even length at least 6 has an odd chord, that is a chord xy such that the distance d C (x, y) on C is odd. As a consequence of (3) and (4), we can for instance observe that the idomatic chordal graphs satisfy χ(G) = min id(G) = max id(G) = d(G) = δ + 1 since χ(G) = ω(G) ≥ δ + 1 for any chordal graph and d(G) ≤ δ + 1 for any graph. For strongly chordal graphs, it is proved in [17] that they are idomatic if and only if χ(G) = δ + 1.
Since each class of an idomatic partition is a maximal independent set of G, we can also note the obvious inequalities n β(G) ≤ min id(G) ≤ max id(G) ≤ n i(G) where i(G) and β(G) are the minimum and maximum cardinalities of a maximal independent set of G.
It is known (cf. [5] ) that idomatic partitions do not necessarily interpolate.
